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MESAL- TRUSS WIKG SPARS* 
By Andrew E. Syrickard 

IlTTRODUpTIOir 



Since metal-trusa iring spars are coming into general 
use in the airplane industry, it is necessary that ration- 
al methods for their design he. developed. 

The purpose of the study recorded in this thesis was 
to develop improvements in the current methods for the 
calculation of the loads in the nemhers of netal-truss 
wing spars which are suhjected to comhined bending and 
conpressioa. 

If there were no axial load in the metal-truss spar, 
its design would he very simple, hecause ordinary truss 
analysis methods could he used to determine the loads in 
its memhers. However, when axial compression is acting 
together with a side load, the loads in the nemhers of the 
truss spar are functions of the deflections of the spar, 
since the combination of these deflections with axial load 
produces additional hending moments and shears. These, ad- 
ditional hending moments and shears may he referred to as 
the secondary bending moments and secondary shears. It is 
necessary, then, to calculate the effect of the deflections 
of the panel points of a truss spar to determine the true 
loads in its members.'. 

The present design rule of the Department of Oonneroe 
specifies that equations** for the calculating of bending 
moments and shears on uniform beams subjected to combined 
bending and compression shall be used for calculating the 
bending moments and shears on .metal- truss wing spars. In 
order to use these equations, which will be referred to 



♦Thesis submitted in partial fulfillment of the ■ recLuire- 
ments for the degree of Engineer in Mechanical Engineer- 
ing Aeronautics. Stanford Unlvorsity, 1930. 

**Aeronautics Bulletin No; ' 7-A. 'Sec. 70 (A) C4). 
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bolow as the Precise Jormulas-,* a value of effective mo- 
ment of inertia is needed. ■ 

Once these tenS-ing moments and shears have been de- 
termined, the loads in the various truss members can he 
calculated by the use of ordinary truss analysis methods. 

The effective moment of inertia of a metal-truss wing 
spar is something which is not as easily determined as the 
moment of inertia of an ordinary wooden spar. At first, 
one might erroneously believe that the moment of inertia 
at any section of- a truss spar is the moment of inertia of 
the areas of the two chord members about the centroid of 
these areas. In the following discussion, this moment of 
Inertia will be called the "chord moment of inertia." The 
chord moment of inertia at any section would be the true 
moment of inertia if the web members were of infinite area 
and did not deform under load. The fundamental beam equa- 
tion, M = EI upon which all beam equations are 
dx 

based, was derived under the asfiumJ)tion that the shear de- 
formation was so small that it ooul'd be neglected. This 
assiunption of negligible deformation, resulting from shear 
does not really fit even the case of ordinary wooden beams 
consequently the value of "E" is arbitrarily reduced a 
certain small percentage when the beam equations are being 
used for that material. With metal trusses, the shear is 
carried by the web members instead of by a continuous web; 
consequently the web deformation is so great that the de- 
flection resulting from this deformation cannot be neglect 
ed'. This deflection will be referred to below as the "web 
deflection." As a result, the value of a chord moment of 
inertia must be decreased to allow for the decreased stiff 
ness which is caused by the deformation of the web members 
The portion of the truss spar deflection which results 
from the deformation of the chord members will be referred 
to as the "chord deflection." 

The Department of Commerce rule specifies that the 
moment of inertia to be used in the Precise formulas shall 
be determined by backfiguring from deflections which re- 
sult when the truss spar is subjected to side load. The 
truss spar deflections may be calculated by any convenient 



*See Chapter . XI ."Airplane Structures,'* by Niles and Newell 
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deflection netliod,* or nay "be experimentally determined 
frora full-scale tests. Assuning tlie truss spar to "he an 
ordinary 'beani, a value of effective nonent of inertia is 
"backfigured fron tlie appropriate "bean deflection equation 
by a su"batitutlon of the previously deternined" deflection 
Values. 

One can readily see that this TJackfigured effective 
nonent of inertia cannot "be greatly in error. However, 
the entire hackf iguring process is so nochanical that the 
designer does not see the theoretical considerations which 
are autonatically included in that process. In this the- 
sis, a direct method of calculating the effective aoment 
of inertia of a netal-truss wing spar is developed. ■ This 
direct method is "built up from consideration of the actions 
of the individual truss mem'bers; consequently the designer 
acquires a much "better understanding of the quantities 
which affect the effective moment of inertia than he would 
hy using the hackf igur ing method. 

It was originally thought that the effective moment 
of inertia of a metal-truss wing spar night "be determined 
directly fron the geometrical properties of the chord and 
we"b mem'bers. Further study, however, proved that the ra- 
tios of the strains of the we'b nen'bers to the strains of 
the chord nen'bers nust "be known in addition to the geo- 
netrical properties of the truss spar to determine the 
correct value f or ' the effective nonent of inertia. Since 
these ratios are functions of the external loading, it is 
necessary to know the type of load to which the truss spar . 
is to "be suhjocted» "before the effective nonent of inertia 
can he calculated. 

The naterial of this thesis is divided into three 
parts. The derivations of the theoretical concepts are 
given first. The practical applications of the theory 
follow. Pinally', in the fbrn of an appendix, the effective 
moment of 3,i],ertia of an actual metal-truss wing spar is 
calculated. This wing spar was built and tested for de- 
flection under con"bined bending and conpression by the 
Boeing Airplane Company, The calculated value of the ef- 
fective nonent of inertia is checked against the test data, 
and conclusions are drawn regarding the accuracy of the 
calculated value of effective nonent of inertia. 



♦See page 311 "Airplane Structures" by Niles and Newell. 
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THBOEETIOAI. DBEIVATl OUS 



The purpose of the following derivations is the ra- 
tional determination of the ' effective moment of inertia 
of a Eetal- truss wing spar. 

If there is no shear d.ef ormation, the baasa equation 

M = EI or .1 — is accurater With metal-truss 

. . . E ^fx 

wing spars, the shear" deflection resulting fron the strain 
of the weh memhers is so large that the ordinary heam equa- 
tion does not hold. 0?ha "beam equation may he made to apply 
if the value of I, the chord moment of inertia, is prop- 
erly reduced to allow for shear deformation. In other . 

words, the deflection of the spar produced by web member 

, s 

deformation increases and consequently reduces the 

dx^ 

effective value of I. Consequently, the first stop in the 

solution of the prolilem is to derive an equation which gives 
the increments of web deflection between adjacent panel 
points .of the truss spar in terms of the deformation of the 
web nenbers. Next, the relation between the web deflection 
increment's betTveen' panel points and the resulting change 

must bo doternined. Then an accurate method of 

dx*^ 

•calculating the decrease of effective nonont cf inertia 
due to the changes in ~-2^> must bo developed. Since the 

nouent of inertia of an ordinary truss spar varies fron 
one panel to the next, it is necessary to work out a means 
of weighting the effect of the moments of inertia in the 
various panels upon the stiffness o'f the spar as a whole, 
finally a method of computing the effective moment of in- 
ertia of the entire truss spar must bo developed from the 
reduction of chord moment of inertia in each panel, and 
from the relative importance of the moments of inertia in 
the various panels. 

The theoretical derivations below include three sec- 
tions which have only an indirect bearing on the main de- 
velopments of the thesis. The first of these sections 
covers tho derivation of an equation fox the increment of 
deflection between adjacent panel points produced by the 
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deformation, or strain, of the. chord members. 3?he second 
is the derivation of rules- for calculating the total de- 
flections of the panel points of a truss directly from the 
weh and chord increments of deflection between panel points. 
This method of calculating deflections Is very simple and 
direct, consequently it can often he used instead of the 
standard deflection methods. Its main value, however, is 
that it is developed from simple geometrical relations in 
the truss and thus gives one a very concrete concept of 
the action which takes place when a truss deflects under 
load. The third of the three sections is one which gives 
an exact method of calculating the total bending moments 
and shears to which a metal truss wing spar is subjected 
when acted upon by axial and side loads. It is an ex-, 
trenoly lengthy method, and is only of value in checking 
the approximate method of calculating the effective moment 
of inertia. This exact method is not a development of- the 
thesis; it has been known to structural engineers for some 
time. 



(I) UrOEEMEKT OF TRUSS DEFLECTION 
■ BETWEEN ADJACENT PANEL POINTS 
PEODUCED SY THE STHAIN OF TEE WEB UEMBEHS OF TEE PANEL 



Parallel chord trusses .- Eefer to Figure 1 of the 
diagram sheets. A30D represents the center lines of the 
members of one panel of a truss. When the truss is sub- 
jected to load, wab member BD is strained; consequently 
panel point D deflects an amount D-D» above panel 
point A. The object of the following derivation is to 
determine the relation between the deflection D-D' , and 
the strain in web member BD. 

There are three assumptioiis on wiaich the following 
derivation is based:- • ' 

1) The deflections of the panel points of the truss 
are so small that the arc traced by one end of a truss 
meraber when the member is considered to rotate about the 
pin at its other end appr-oxinates a straight line. 

2) The members- of the .truss are assumed to be con- 
nected by pins. 
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. S) Since the principle of superposition is inplied 
.when One speaks . of the total deflections as heing the sun 
of chord' deflections and weh deflections, it is logical . 
to calculate the deflections produced hy the strain of the 
weh nenhers using the assunption that the chord neiahers 
are unstrained. 

Web nenher SD is strained an auount represented hy 
eD', This strain allows member AD to rotate about A, 
and take up a new position AD'. 

/•DeD', Z.eDB, and /DD'A can be considered to be 
right angles, since the radius of an arc is perpendicular 
to the tangent at the point of intersection of the radius 
and the arc. 

ZoDD' =/.(90°-Ti), since the sides of the angles are 
mutually perpendicular. 

sin (^leDD') = 
Substituting the value of /CeDD' : 

Sin (90°.r,) = or cos = §1 

cos "n 

Since eD» = the strain of the web member, and DD' is 
the- increment of web deflection, 

(web) , , 

deflection increment = ^ . ^1) 

cos r\ 

Uonp ar all e l chor d trusses .- Refer to Figure 2 of the 
diagram sheet, ' ABCD represents the members of one panel 
of a nonparallel chord truss. The line CDV represents 
the direction In which the deflection of the panel point 
D is to be calculated. 

When the diagonal web member BD is strained, chord 
member AD is allowed- to rotate about A, and takes up 
the position AD'. The point D traces the arc DD' 
when AD rotates about A. Member BD rotates about B 
and occupies the position BD'. De is an arc drawn with 
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a radius BD a"bout B as a center; consequently oD' 
represents the amount BD was strained. The same as- 
sumptions underlying* tlie parallel chord analysis apply 
to the following derivation; consequently 

Z.eDD« - L^, ^D'DV = Z.7, ' and ^.DeD' is a right 

angle, therefore 

DD» = ^ . 

sin iLeDD' 

D'V is drawn from D* perpendicular to YD. 

cos ^YDD' = . 



Thus, 



YD = Pos 7 X eP' ^ 
sin a 



But YD is the deflection increment, and ED' is the 
strain of the diagonal weh memher. Therefore 

deflection increment = || (2) 

AE sin a 

In the foregoing disc\ission the weh mem'ber considered 
was diagonal. For a vertical wel) laeniTser, equation (2)' ap- 
plies if the angles 7 and a are taken properly, a is 
the angle "between the vertical wch momher and a chord mem- 
ber at the intersection of the vertical member with a chord 
member, which intersection is separated from the left sup- 
port by the greater number of primary web members. 7 is 
the angle between this same chord member and the perpen- 
dicular to the direction of deflection. Thus for member 
CD in figure 2; a is angle BCD and 7 is 0°. 

In the case of truss which has no vertical web mem- 
bers, equation (2) applies directly since no vertical web 
member was considered in its derivation. 

Where the vertical web member is secondary, its de- 
formation affects only the deflection of the panel point 
where the member is attached. It should be noted that the 
type of vortical web member shown in Figures 1 and 2 in- 
creases the deflection increment of only ono of the two 
intorsections of the web member with the chord members. 
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Thus in Figure 3, it can he roadily seen that the strain 
of raember DO increases the deflection increnent hotwoon 
panel points B and- - C,- "but does not affect the deflec- 
tion increment hetween panel points A and D. 

(II) OORSECTIOH 01" CHORD MOMEITT 01* INERTIA 
FOE WBB DSSIE0TIOI7 



If the weTj mem'bers of a- truss spar were not strained, 
the truss spar could he considered to be an ordinary hean 
which had values of moments of inertia equal to the corro- 
sponding values of chord r.iononts of inertia.* 

The equation which is the basis of beau theory is 



dz^ 



(3) 



di2 

By examining equation (3), it is apparent that- any 

modification of represents a change of nonent of in- 

ds^ 

ertia. At any section of tho truss spar, the strain of 

the web nenibers changes and consequently, the ef- 

dx^ 

fective moment- of inertia.- The following derivation is a 

calculation of the increment of -— ^ produced by tho 

dx^ 

strain of the web nombors. Tho change of monent of inortia 

ro-orosontod by this incromoiit of ~21 is then calculated 

dx^ 

fr or. equation (S). 

There are sovoral cone opts};. upon which tho following 
derivation is based, and they will be stated before tho 
dordvation is givon. . ■ 



*3eo page 311 "Airplane Structures" by Hilos and IJowoll. 
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Ihe first coacopt is a demonstration of th.e effect 
of we"b deflection upon-.the slope of the elastic curve of 
a truss. In Figure- 3 of the diagram -^heet , AO is the 
line Joining the two supports of the. truss, h" repre- 
sents tho position of panel point 3 when both chord and 
veh member deflections are considered. 

Sow tan j = ^ and tan k = 

The change of slope produced hy the deflection of the 
weh menhors is 

tan J - tan k = 1:^1 - 1^ = l^, 

AB AB AB 

Therefore, the change of slope produced hy the weh 
menhers is . the web deflection increment divided bjr the 
proper panel length. 

The average rate of change of slope from one panel 
to the next is then the difference in web dofLoction slope 
of the two panels divided by the distance between tho 
points where the slopes are taken. 

By similar reasoning, tho average rate of change of 
slope produced by chord deflection is tho difference be- 
tween tho chord deflection slopes in ad,-}acent panels di- 
vided by the distance between the points where tho slopes . 
are taken. 



Tho total average rate of change of slopo bobnccn two 
adjacent panels is the sum of tho average web and chord 
rates of change of slope. 

The second concept is concernod with tho relation bo- 
twoon the slopes of the chord meiabers of a truss spar and 
tho slopes of tho elastic curve of the spar. If straight 
lines are drawn so that they connect the deflected panel 
points of the upper or lower chords of a truss, a polygon 
will result. ffor most truss spars, the deflections of the 
panel points of the two chord members are slightly differ- 
ent; consequently, if tho polygon representing the deflect 
ed neutral axis of the truss spar is to be constructed, it 
should bo the "average" of the polygons for the two chord 
panel point deflections. Hovyever, tlie difference between 
the deflections of the two chord nembor panel points is so 
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small that the neutral axis polygon can 'bo considorcd to 
L)e the same as the polygon^ of either chord. If a smooth 
curve is drawn through the' points of either one of those 
deflection polygons, a deflection curve will result. 
Since the slopes of the chords of tho polygons aro very 
small, this smooth curve may "be considered the elastic 
ourvo of tho truss spar. 

In Figure 4 AD represents the undeflected position 
of the lower chord members of a truss. ABCD represents 
the deflected position of these memhers of the truss. The 
smooth curve ABOI) is the elastic curve of the truss, and 
is a flat "parahola" for all ordinary deflections. Hat- 
urally, the slope of the elastic curve varies at different 
points alons the span. Tor flat para^bolas the slope of 
the chord is approximately the slope of the tangent to the 
curve at the mid-point of the arc suhtendod hy the chord. 
Thorsfor&, t]ie slope of a chord member can he conaidorod 
to bo the slope of tlio elastic curve at the middle of tho 
panel where tho chord memhor occurs. 

The web rate of change of slope will now he deter- 
mined from the weh deflection increments of adjacent panels 
of a truss. Hefer to Figure 5 of the diagram sheet. ABO 
represents the undeflected position of the upper or lower 
chord members of a truss. ' Abe represents the position oT 
the chord momhors when only the strain of the weh memhers 
has produced deflection. ' Bh is the-def lection increment 
produced by the strain of the weh memhers in panel AB. 
c'c is the deflection increment produced by the strain of 
the weh meuihers in panel BC. As was previously demon- 
strated, the slope of the chord nomher of a panel approxi- 
mates tho slope of the elastic curve at the mid-point of 
the panel. Therefore, the slope of Ah (referred to ABO) 
is tho slope of the elastic curve at the mid-point of panol 
AB. Similarly, the slop6 of chord menher he is the slope 
of the elastic curve at the mid-point of panel BC. 



The slope of memher Ah 



Bh 
AB 



The slope of memher he 



cc 



The difference hetween the slope 
panel ' BO . and tho 'slfipe at the i.iid-p 
therefore 



0 



at tho mid-point, of 
int of panel AB is 
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cc' BTb 
BC " AB' 

Th.eii the average rate of change of slope "between the 
nid-poiats of the two panels is 

cc ' B"b 

Assuming that the adjacent panels are of eq.ual length, 
"X," equation (4) hecones Sc_L_r.^. 

Since the deflection curve is a flat parahola, this 
average rate of change of slope is the "exact" rate of 
change of slope at a point half way "between the mid-points 
of the two panels. Thus, since the panels are of equal 

c c ' Bh 

length — ^ — ^ is the exact rate of change of slope at 

tho panel point B. Therefore, the rate of change of slope 
at a panel point is approxinately the difference "between 
the deflection increnents of the two adjacent panels di- 
vided "by the sqviare of the panel length. 

Let i "be the rate of change of slope at any 

panel point, where 62 - 5i is the difference "between the 

we"b doflocti'sn increjionts of the two adjacent panels. 
Equation (s) is 

E ^ 

T = M ■ 1 _ dz^ 



E 



dx = 



(chord) +^ (woh). 
dx= dx^ ■ dx^ 



■ E'f-^ (chord) ■ E (weh) E (weh) 
1 _ dx^ . dx^ 1 . ds^ 

I ^ ^chord 
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Since ^ (we-b) = ^ 



1 = 1 ^m^iA. (5) 

Equation (5) applies to a section of a truss spar oc- 
curring at a panel point; so M is the moment to which, 
the spar is suhjected at the panel point, and Ic is the 
chord moment of inertia at the panel point. 

The sign of the deflection increments must he taken 
correctly, or the quantity Sg- 5i vrill he in error. 

Moving' along the truss from one support to tho othor, if 
the strain of the weh memhor tends to increase tho dofloc- 
tion of tho truss, its sign is positive; if tho strain 
tends to decrease tho dofloction of the truss, its sign is 
no^ativo. Thus refer to Tigure 6. - 

Considering support A an a datum, the tension in 
memhers AH and B& produces strains which tend to allovr 
the truss to deflect upward (with reference to support A); 
the strains in memhers GD and tend to decrease this 

upward deflection when one passes from support A to sup- 
port E. 

Consider equation (5) which is 

I Ic MX® 

63 is the woh deflection increment of the panel tho 
farther from tho "datujs" support, and 61 is the web do- 
flection increment of the panel the nearer to the "datum" 
support . 

Pli 

Tot paralle l .. ch ords , 6 is the sum of rrr--- — r 

J=. Q 0 3 T\ 

values for all the weh memhers within tho panel. 

loT ncnparallol chords, 6 is the e-'^m. of the 

PL_cos_^ valuos of all of the weh memhers within the panel, 
AE sin a 
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The wet) deflection increment produced, "by a vertical 
wet member should be divided equally between the two ad- 
jacent panels. Hoiyever, it is more conservative to place 
the deflection increment entirely in t he panel which is 
the nearer to the datum support. 

•III. THE El'5'EOT OI" THE HOliENT 01" • INERTIA 
OP A PANEL OP A TEUSS SPAR UPON THE DEFLECTION ' 
OP ANY PANEL POINT OP THE TRUSS 

It is often desirable to know the effect of the mo- 
ment ,Qf inertia of any one panel of a truss spar upon the 
deflections of all' of the panel points. In the following 
derivation, the truss spar will be treated as 'a beam with 
varying moment of inertia; consequently, the ordinary beam 
theory methods of calculating deflections can be employed. 

Por simplicity, it will" Ve assumed .that ^ is zero for 

all panels except the one which .contains the ^ for 

which tho dofloctioii offoct is being calculated. 

In Figure 7 of the diagram sheet, the deflection of 
the point b will be calculated by the method of elastic 
weights for beams.* 

The elastic reaction at f is Qa ^' 

ii 

The elastic bending moment at b which is numerical- 
ly equal to the actual deflection, is 



fiaOE = ^ a OD = deflection increment. (6) 
L EI L 

Since panel ps is any panel of the truss spar, and 
b is any panel point of the truss » equation (6) gives the 
effect of the moment of inortia of any panel of a truss 
spar upon the . deflection of any panel point. 



*Page '303" "Airplanie" Structures"- by Niles and Ne-well. 
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■Ezamine equation (G). For any truss spar, E and L 
are constants. If the deflection of any particular panel 
point is being investigated, D is a constant. As a re- 
sult, the effect of the moment of inertia, I, of a panel 
upon the deflection of the panel point in question is de- 
ternined "by: 

1) the length of panel, a, where I occurs; 

2) the 'ma"gnitudo of the "bending momont , M, at the 
middle of the panel where I occurs; and 

2) the relative location, 0, of the panel contain- 
ing the moment of inertia. 

In equation (6): D is always the distance from "b 
to a support such that Qa is not included in the dis- 
tance. C is tho distance from Qa to a support such that 
"b is not Included in the distance. 



IV. METHOB 0? CALCULATING THE EPrEOTIVE MOMENT 
OF INESTIA or A METAL-TBUSS ffINO SPAR 



The following method of calculating the effective mo- 
ment of inertia of a truss spar is based upon direct ana- 
lytical considerations of the loads in, and the sizes of 
the members of the truss spar. This direct analytical 
method has the advantage over any backfiguring method in 
that it gives one a very much clearer idea of the various 
factors which enter into the' effective- moment of inertia 
determination. 

The following derivation is concerned with doter- 
mining the proper "average" of tho corrected moments of 
inertia of the various panels of a truss spar. 

Since there is a different value of moment of iner- 
tia in each panel of a truss spar, it is obviously not 
possible to determine a single value of moment of inertia 
whichi when substituted in t'he proper deflection formula, 
will result in absolutely correct deflections for all 
panel points. However, it is possible to determine a val- 
ue of moment of inertia which will give a correct value of 
dofloction for any one panel poi:.at. Tho question then 
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ariees as to which panel point should have its deflection 
correct . 

Since all deflection c-arves are more or loss flat and 
paraliolic in shape, the naximum ordinate and the two zero 
ordiuates of the curve arc. the nest inportant in locating 
the curv.o. In other words, if the naxiiaum ordinate and 
tho zero ordinates at tho supports aro located, a sHooth 
curve can he passed through the three ordinates, which 
curve will result in fairly accurate deflection values for 
all panel points. Practically all truss spars over two 
supports have their point of maximum deflection fairly 
close to their midspan points. Conseq.uently , the midspan 
point will "be chosen as the point which is to have the 
correct deflection. 

Consider equation (6): 

deflection incremont = Qi ( . Q) . (P) . for one panel. 

EI L 

Equation (6) gives the deflection at any panel point, 
when all of the panels except one are considered to have 

zero values. ITow, if all the panels of a truss spar 

EI 

are considered to have finite values of the deflec- 

EI 

tion at any panel is the sum of tho values ohtained from 
equation (6) for all of the panels. Thus equation (6) 

hocomos : 

total deflection _ r. i = T) . y a(_Ol_(Di\ (r.\ 
at any point ~ ^i = 1 ^eI L ''i ^ ' 

whore r\ is the nuraher of panels. 

Since tho midspan point has heon selected as the 
point which is to have tho correct deflection, the deflec- 
tion given hy equation (7) will he made that of the midspan 
point . 

Then D of equation (?) = l/2 span = l/2 L. (See 
fig. 7 of diagram sheet.) Equation (7) hecomes: 

total deflection = I I' 0^ (C) Z] . (S) 
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Where Z = — llS-k = -L. • 
L X E L X S 2E 

Now the I in equation (8) varies f-rom panel to pan- 
el, and it is desired to determine a constant value which 
will give the same deflection at. the midspan point as do 
the various different values. Let 1-^ this constant 

value, Then, considering equation (8): 



total deflection _ „^ 'H 
at laidspan point ~ ^i 



Solving for ~ 



I 



k 



_1_ _ 

Ik i 



K " lia o1 • 2^ |Ma cl 
i = .1 Li Ji ^ i = 1 L Ji 



(9) 



In equation (9), 0 is the distance, from a support 
to the panel containing the Hoinent of inertia, such that 
the midpoint of the span is not included in the distance, 
M is the' average "bending mosaent in the panel, and a is 
the panel length. 

Divide the numerator and the denominator of equation 

(9) by Mjjj X ctjji X l/2, where is the maximum average 

■bending moment in any panel, (% is the greatest panel 

length, and l/2 is one half of the span. 

The "effT3ctive" moment of inertia given "by equation 
(9) is not changed lay this division, hecause the 

ttuj, and l/2 terms factor out of "both the numerator and 

denominator, and then cancel each other. 

Consequently 
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V. IKOREMBKT OP DBFLECTIOIT BETTTEESf ADJACENT "PANEL POINTS 



PEODUOEI) SY THE STEAIN OP CHORD MEMBERS 



Since- tlxe deflection produced "by tlie^ strain of the 
chord niem'bers is the only deflection to he,. considered, the 
weh memhers will he assumed to he without strain in the 
following derivation. .In this discussion, the same funda- 
mental assumptions will he made ahout the truss deflections 
and construction as were made in the derivations of the 
formulas for increments of weh deflection. . 

In Eigure 8, ABOD is a panel of an undeflected 
truss. When the' truss deflects, the strain of the lower 
chord memhers hatween D and the support causes D to 
move to D' . The strain of the upper chord memhers hetweon 
B and the support causes A to move to A' and B to 
move to g. Consider the pin to have heen removed from the 
joint at B; then memher AB will have to rotate ahout A» 
and memher DB will have to rotate ahout until their 

free ends meet at B' hefore the pin can again he in- 
serted. The prohlem of calculating the increment of de- 
flection' "between panel point .A and panel point B is 
then to calculate the length of gB'. 

According to the previous assumptions, the deflections 
ar^ so small that; 

a) B'g and fB' can he considered to he straight 
lines which are perpendicular to AB and DB respectively 

h) The angle included hetween DB and D*B» is so 
small when compared to 9 that D«3« can he considered to 
coincide with DB as far as the truss as a whole is con- 
cerned. 

How, Z.fB«g = LB, hecause the sides of the angles 
are mutually perpendicular. 



tan Z.e = tan Z.fB»g 



(11) 



deflection inc. 



f g = fB + Bg. 



(11a) 
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Also,' fB = DD' since th,e chords are parallel, and yre'b 
memter DB is unstrained. Bg is the sum of the values 

PL . 
°^ upper chord mejnhers- "between. B and the support, 

Ail 

and D'D is the sum of ~ of lower chord members he- 

AE 

tween panel point D and the support. . Therefor^, substi- 
tuting in equation (lla): 

fs = 7^ f^VV^^) + vPL flowery f-,p\ 
^AE ''chord' ^ -^AB ''chord^' ^^^^ 

Substituting from equation (12) in equation (ll): 

V PL /^pperv , T PL /lowerv 

deflection inc. = -^MJIjST^Z...^^^ . 

tan 6 



VI. DEKIVATION OP CHORD AND TOS DEELEOTION RULES 



In two of the foregoing sections, formulas for cal- 
culating the increments of weh and chord, deflection "be- . 
tween adjacent panel points were derived. S'rom a' knowl- 
edge of these deflection increments, it is possible to 
determine the shape of the resulting deflection curve, and 
the?! by locating this deflection curve so that the deflec- 
tio-n of the supports are zero, the actual deflection of the 
various panel points can be determined. 

Thus, consider figure 9 of the diagram sheet, a, b, 
c, d, etc., are panel points of a truss. (Dhe increment 
of deflection between panel points a and b is x, be- 
tween panel points b and c is y, and so on. Since, 
in the general case, the true slope at a is not known, 
any slope can be assumed with the result tha't the deflec- 
tion of the panel point g at the other support will not 
be zero. Now, if the entire truss is considered to be 
rotated about a until g falls on the support B, the 
true position of the various panel points will be located. 

Z, the angle through -which the truss is rotated, is 
very small; consequently, ag is very nearly the same 
length as ap , and lines corresponding to 'de are the 
same length practically as lines corresponding to dh. 
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Therefore, considering panel point d, the correction to 
he applied to the deflection is ef . Now., ef = m tan Z. 
Consequently, the correction to the deflection of any pan- 
el point is the product of tan Z and the distance from 
the panel point to the support a. 

There are several special cases of deflection calcu- 
lation which do not require the use of the ahove correc- 
tion procedure. a) In calculating the chord or. weh de- 
flections of cantilever trusses no correction is required, 
"because the slope of the center line of the truss is known 
to he zero at the support. Also, in calculating the weh 
deflections for a truss which is symmetrical ahout its 
midspan point, no deflection correction is necessary, he- 
cause the deflection of the right hand support will he 
zero without any rotation of the truss. The fact that the 
web deflection of the right hand support is zero can read- 
ily he seen hy considering such a symmetrical truss. Refer 
to figure 6. Starting from support A, the strain of weh 
memhers AH, BE, and B& produce upward weh deflection 
of the panel points. Memhers GD, DF, and S'E produce 
corresponding downward deflections; consequently, the de- 
flection of the support at S is calculated to he zero 
directly from the deflection increments, and no correction 
is required. 



VII. EXACT METHOD OE CALCULATIKC- THE TOTAL BENDING MOMENTS 
AND S3EAES TO TOICE A METAL-TEtJSS WING SPAE IS SUBJECTED 



This exact method, as applied to a heam, is given in 
hooks on airplane stress analysis*, and only a condensed 
treatment of its application to a truss will he given here. 

If the total deflections of all of the panel points 
of a metal- truss wing spar which is suh^ected to comoined 
hending and compression were known, the total hending mo- 
ments and shears could he easily calculated. The total 
hending moment at any section would he the primary hending 
moment plus the product of the deflection at the section 
and the axial compressive load. The total shear at a sec- 
tion would he the primary shear plus the product of the 



♦Page 67, "Structural Analysis and Design of Airplanes," 
hy 3, 0. Boulton. 
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slope of the elastic curve at the section and the axial 
compressive load. 

The total deflections can "be obtained "by a repeated 
deflection calculation process. The deflections produced 
by the side load can be calculated by any standard deflec- 
tion method. The first secondary bending moments can be 
obtained by multiplying the primary deflections by the 
axial load. The secondary shears can be obtained by mul- 
tiplying the slopes of the elasitic curve of the primary 
deflections by the axial load. The increase in the loads 
of the various members of the. truss spar produced by the 
secondary bending moments and shears can be calculated by 
any standard truss analysis method. Then, a new set of 
panel point deflections can be calculated from the new 
loads by ordinary deflection methods. This process can be 
continued until the increase of deflection becomes negli- 
gible; consequently, the total deflections of the truss 
spar can be determined. 

This exact method offers a means of checking the value 
of effective moment of inertia calculated by the methods 
developed in the previous parts of this thesis. In general 
the approximate method will give results which are 3-5^ 
more conservative than will the exact method. Consequently 
the approximate method is entirely satisfactory for prac- 
tical design wor>:, and should be used instead of the exact 
method because it is so much shorter. 



PEAOTIOAL RESULTS 



The theory which has been developed above has two im- 
portant practical applications. One is the calculation of 
the effective moment of inertia of a truss spar from the 
geometry of the spar and the loads to which the spar is to 
be, subjected. The second is the determination of the most 
economical location Qf metal for stiffening a truss spar 
which has too much deflection. 

Calc-alation of eff e ctive moment of inertia .- The ef- 
fective moment of inertia is calculated from equation (lO) 
of the theoretical derivations. 
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Equation (lO) is: 

1 _ ^i = 1 LKmlcCm W^Ji 



= 1 [m^ L/2j 



i 



where Ijj. is the effective moment of inertia of the. metal 
truss spar. 

~ is the "bendin,^ moment weight of a panel, and is 

'ha. 

determined "by dividing the average "bending moment in a 
panel hy the maximum of the average "bending moments in the 
panels of the truss. 

— is the uanel length wei f:ht of a panel and is de- 

termined "by dividing the length of a panel "by the maximum 
panel length, 

n 

is the distanc e from suppor t w eigh t of a panel, 

and is determined "by dividing the distance from the middle 
of a panel to the nearest support hy one half the length 
of the span of the truss spar. 

r\ is the num"ber of panels. 

I is the corrected chord moment of inertia of a pan- 
el. This corrected chord moment of inertia is. calculated 
from equation (5) of the derivations. Equation (5) is: 

1 = 1 , ^ - S,) 

d^A A, 

is the chord moment of inertia and equals — — =— =i 

(approximately) , where d is the distance "between chord 
center lines, is the cross-sectional area of the up- 

per chord, and Aj^ is .the cross-sectional area of the 
lower chord. 

§2 ~ 6x is the difference in the we"b deflection in- 
crements of adjacent panels, lor parallel chord trusses, 
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5 is the sum of the -r^r-^- values of all of the yrela 

Aa co^s t\ 

memhers within the panel.- .(S.e$- eq... (l).) For nonparallel 
chord trusses, 6 is the sum .of "'the " 2.2^-^ values for 

■ AJa Sm CC 

all weTD meraTsers within the panel. (See eq. (2).) Angles 
r\, 7, and a are illustrated in Figures 1 and 2 and are 
explained in Section I. of the the.ory. 

M is the "bending moment at the panel point in ques- 
tion. . . 

X is the panel length. 

. The value of I ©"btained from equation (5) is the 
corrected moment of inertia at a panel point. Since a 
corrected moment of inertia for a panel is required, the 
values of I at the two panel points of a panel must he 
averaged. 

The following procedure will "be found expedient in 
calculating the effective moment of inertia: 

1) Calculate the loads in all of the memhers of the 
truss spar when only the side load is acting. 

2) Obtain the corrected values of moments of inertia 
for all of the panels. 

3) Calculate the "bending moment weight, the panel 
length weight, and the distance from the support weight 
for each panel, 

4) Ohtain the product of the three types of weights 
for each panel. 

5) Multiply the inverse of the corrected moment of 
inertia in each panel "by the products of the weights of 
the panel, 

6) Divide the sum of the products o"btained in 5) for 
all panels, "by the sum for all panels of the products o"b- 
tained in 4). The reciprocal of this quotient is the ef- 
fective moment of inertia of the metal truss spar. 

Some of the terms of equation (lO) depend upon the 
loads in the meia"bers of the truss spar. If a metal truss 
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spar is suTsjectesd to com'binecL Taending and compression, the 
loads in the various memhors cannot he calculated until 
the effective moment of inertia is known. Ooasequently , 
the primary loads roust he used in solving equation (lO) 
for the effective moment of inertia. This approximation 
is good because the ratio of the chord memher load to weh 
member load in a panel does not differ greatly hetweon the 
condition where side load is acting alone and the condition 
where side load is acting with axial load. 

However, if greater accuracy is desired, equation 
(lO) can first he solved assuming that only side loads are 
acting. 2he calculated value of effective moment of iner- 
tia can then he substituted in the Precise formulas and the 
total bending moments and shears determined. From these 
values of moments and shears, the loads in the various mem- 
bers can be calculated. Equation (lO) can be solved again 
with these new loads, and a more accurate value of effect- 
ive moment of inertia is obtained, This process can be 
repeated until the effective moment of inertia is as ac- 
curate eLs the designer desires. 

Economical location of metal for stiffening .- If a 

metal-truss spar is found to have too much deflection, it 
is desirable to know the panel in which a given increase 
in the size of chord members will produce the greatest 
stiffening effect. 

Equation (lO) of the theoretical derivations gives 
the designer the necessary information for economical lo- 
cation of metal for stiffening. 

It is apparent from that equation that the quantities 
which are important in Sielecting the panel for economical 
location of metal for stiffening are the bending moment 

weight, ~, and the distance from supuort weight, — 

" L/ 2 

Since an addition of metal to the chord members of a panel 

increases I, this increase in metal is going to have the 
greatest effect in the panel where an increase of I will 
have the greatest effect. It is obvious that I will have 
the greatest effect upon I-^, the effective moment of in- 
ertia, in the panel where -M- X — C_ ±q q, maximum. Thus, 

Mm L/2 

the panel in which the chord members are to be increased 
in size should be the one which has the largest product of 
bending moment weight and distance from the support weight. 
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"APPENDIX 



In the "body of this thesis, several purely theoret- 
ical concepts have "oeen developed. In this appendix, the 
numerical application of these concepts to a practical 
metal- truss wing spar will he made. This practical trusa 
has previously "been su'bjected to lateral and axial load, 
and the deflection of its panel points measured. By using 
the theoretical concepts, the deflections of the panel 
points under the sane loading are calculated. This re- 
sulting set of measured and calculated deflection values 
will ena"ble one to chedk the accuracy of the theory used 
in determining' the calculated values. The aetal-truss 
spar used in the following calculations was "bmilt and 
tested "by the Boeing Airplane Company.* 

Figure L of the appendix is a line diagram of the 
test truss spar and shows the type and intensity of the 
load to which the spar was suh^ected. End moment was 
placed upon the truss spar At the loft support by means 
of a 2000. Ih, weight on the end of the steel plate, AB. 
The truss spar was loaded at its panel points "by moans of 
motal straps which carried weights at their lower ends. 
The connection ■ of strut BO to the spar at B is ac- 
complished hy a pin, and the other end of BO is con- 
nected to a foundation which is stiff iciently distant from 
3 to allow the axis of member BO to ropresont the di- 
rection of the load carried "by BO, The spar is supported 
at D "by another pin connection. 

The angularity of mem'ber BO places axial compres- 
sion in the truss spar, which compression is a function of 
this angularity, and of- the spar reaction at B. 

The deflections at several panel points of the spar 
wei'e measured rrhen the spar was deflected under the loading 
shown in Tigura 1. 

The Q"bject of the following set of compvitations is to 

calculate the deflections of the truss spar at the panel 
points where the deflections were actually measured in the 
test, and under the sa:ie loading as that used in the test. 



♦See Test Ho. 10096, Boeing Airplane Oompany, Seattle, 
Washington, 
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Outline o f calculatioas . - 

1) The chord moments of inertia of the various 
panels are corrected for weh deflection. 

2) The effective moment of inertia of the truss 
spar is calculated from the corrected moment of inertia 
values . 

3) This effective value of moment of inertia is 
suhstituted in the proper Precise formula for deflection; 
consequently, the deflections of the spar under the loading 
shown in Figure 1 are determined. Since the deflections 
have "been measured under the same loading, a comparison 
"between the measured deflection values and the calculated 
deflection values is had. 

Es-p lan ati o ns and Assum-ption s .- Panels (1-2) and (13- . 
14) are not considered separately hecause it is impossihle 
to determine the cross-sectional areas of the memhers of 
these panels. These areas are indeterminate "because gus- 
set plates are included "between the chord and we"b mem'bers. 

Since the cross-sectional areas are indeterminate, 
- some sort of approximation is necessary if the we"b deflec- 
tion effect upon chord moment of inertia is to "be calcu- 
lated. It seems reasona'ble to assume that the effect of 
we"b deflection in panels (1-2) and (13-14) is the same as 
t^iat of the corresponding adjacent panels (2-3) and (12- 
13). It would pro'ba'bly "be more accurate to assume the we"b 
deflection effect of panels (1-2) and (13-14) to "be zero, 
since the area of the gusset plates is quite large. How- 
ever, it is more conservative to assume the deflection ef- 
fect to "be greater than zero, so the first mentioned de- 
flection assumption is used in the calculations. 
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TA3LE V 



CALCULATE]) AND MEASUEED DEFLECTIONS 
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deflection 


Measured 
OLorlect ion 


Error 


5^ Error 




(in.) 


(in.) 


(in.) 




3 


- .606 


- .55 


+ .056 


+10.18 


5 


-1.534 


-1. 51 


+ .024 


+ 1,59 


7 


-2.170 


-2.10 


+ .070 


+ 3.33 


9 


-2.150 


-2.10 


+ .050 


+ 2.38 


11 


-1.473 


-1.43 


+ .043 


+ 3.00 




H 

Ta"ble IV 


Page 4 
Test No. 
10096, 
Boeing Air- 
plane Co. 
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Conclusions .- An examination of TaTsle V allows tliat 
there is good agreement between tlie measured and calcu- 
lated deflection values. Thus, although the method used 
in calculating the effective moraont of inertia contains 
several approximations, tho good agreement hotweon the 
two sots of deflections shows that the effective moment 
of inertia has heen calculated fairly accurately. 

The greatest percentage of error occurs at a point 
which is very close to the support where end moment is 
applied. Since the method used in calculating the ef- 
fective jnoment of inertia was "based upon having the max- 
iiaun ordinate accurate and the other ordinatos only ap- 
proximately so, the greatest porcontago of error would 
naturally "bo expected to ho at points near the supports. 
The error in inches does not vary as much from one end 
of the span to the other as does the percentage error, 
hecause at the points of small deflection, any error at 
all produces a large percentage of error. Also, small 
errors in the measurement of deflections produce largo 
percentage errors in the deflection values if these val- 
ues are very snail. Consequently, a sizahle portion of 
the percentage "error" at points of small deflection can 
"be attributed to measurement errors in the deflection 
test . 

Since the calculated deflection values are greater 
at all panel points than the measured deflections, the 
effoctive noment of inertia must have "been calculated in 
too conservative a manner. There were two assumptions 
made in tho calculation of the effective moment of in- 
ertia which were obviously conservative. One was tho as- 
sumption that the panels containing the gv.sset plates had 
as much shear deformation as the adjacent panels which 
did not contain gusset plates. The second assumption was 
that the elastic curve was represented by the deflected 
position of the panel points of the lower chord member, 
which panel points were deflected more under load than 
the panel points of the upper chord. A more accurate 
procedure would have been to consider the elastic curve 
of the truss spar to bo an average of tho upper and lower 
chord deflection polygons. 
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Figs, 1, 
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Fig. 2 




S'ig.3 




Oaloulatlon of ReaotloPB i 

-Ho ,000 , 180 X lofto 3 +i3^,'WQ 

(1) ZM about B: -2000 x 20 + ifiJO (7.50 + 22.5 + 37.5 + 52.5 + 67.5 + 82.5 + 97-5 + 112.5 

+ 127.5 + I'tfi.S + 157.5 + 172.5) - Vj, . 180 » 0 ; . Vd « ^^j^y « 8§|* 
ST m 0: +Vb + 858 - 2l60 - 2000 » 0 ; Vg » +3202 * 

(8) ZH a 0: +Hbo - » 0 ; 1^ « 3302 ; BO a = 6.8q0 ; Hag - 685O X oos 28»50' ^ 

°-^^.23 = 6000 * ? 

Fig. lA Oalcul&tlon of primary loads ^ 
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